UNCLASSIFIED

AD NUMBER

AD462207

LIMITATION CHANGES

TO:

Approved for public release; distribution is
unlimted.

FROM:
Distribution authorized to U S. Gov't. agencies
and their contractors:

Adm ni strative/ Qperational Use; APR 1965. O her
requests shall be referred to Arnold

Engi neeri ng Devel opnent Center, Arnod AFB, TN

AUTHORITY
AEDC Itr 21 Jun 1967

THISPAGE ISUNCLASSIFIED




@ |

L

=143

_ W& LG

AEDC-TR-65-84

a2
WAY 74 663
JUN 18 1965

SEP 17 1985
APR 10 1987

AN ANALYSIS OF TWO-DIMENSIONAL LAMINAR
AND TURBULENT COMPRESSIBLE MIXING

R. C. Bauer
ARO, Inc.

CHNICAL REPONTS

Mt .E—ILE._‘._C ORY

May 1965

PROPERTY OF U. S. AIR FORCE
AEDC LIBRARY
AF 40(600}1000

ROCKET TEST FACILITY
ARNOLD ENGINEERING DEVELOPMENT CENTER
AIR FORCE SYSTEMS COMMAND
ARNOLD AIR FORCE STATION, TENNESSEE

PROPERTY C% 1.5, #'1 F2CE
 AEDC TECHaiCAL LIBRARY



S oy

k3 l L 3 1

R )
When 1. 5. Government drawings speerlidations, or other datg are used for any pufpoac other than a
definitely related. Government jprocurement operation, the Government thereby incur¥ no responsibility
nor any obligation whatsocver, and the fact that the Gavernment may have formulated furnished, or in
any way supplied the said drawings, specificatjons, or other data, is not to be regarded by implication
or‘otherwise,! or in any maangr licensing the holder or any other person or _corporation, or conveying

any rights or permission to n-anufac:ture,.use, or sell any paanlcd 1!1.1-'enuon that may in any way be
related (thereto. . )

- -

.
.

Qualified users may obtain copies of this report from the Delense Documeniation Center.

References to ramed commercial products in this report are not to be considered in any sense as an
.endorseriient of the product by,lhe United States Air Force or the Government.

T R N




AEDC-TR-65-84

AN ANALYSIS OF TWO-DIMENSIONAL LAMINAR
AND TURBULENT COMPRESSIBLE MIXING

R. C. Bauer
ARO, Inc.

AF - AEDC
Arneid AFS Tann



AEDC-TR-45-84

FOREWORD

The research reported herein was conducted by ARO, Inc. (a
subsidiary of Sverdrup and Parcel, Inc.), contract operator of the
Arnold Engineering Development Center {AEDC), Air Force Systems
Command (AFSC), Arnold Air Force Station, Tennessee, under Con-
tract AF 40(600)-1000, Program Element 62405184/6950, Task 695002,
The research was conducted between September 22 and December 14,
1964, under ARO Project No. RW2512, and the report was submitted
by the author on March 31, 1965.

This technical report has been reviewed and is approved,
Eules L. Hively Donald R. Eastman, Jr.

Acting Chief, Propulsion Division DCS/Research
DCS/Research

ii



AEDC-TR-55-84

ABSTRACT

An analysis is presented of two-dimensional, iscenergetic, com-
pressible mixing of a jet with a fluid at rest for both laminar and tur-
bulent mixing., The analysis is primarily concerned with the development
of theoretical expressions for the mixing similarity parameters. A gen-
eral mementum equation is derived, which relates the similarity param-
eter to the mixing length and viscous shear stress. By using this general
equation and Newton's viscous shear relation, a complete theoretical
solution for the laminar mixing similarity parameter is derived, which
does not involve a reference perturbation velocity factor. Prandtl's mix-
ing length theory for the apparent viscous shéar relation is used to obtain
the theoretical similarity parameter for turbulent mixing. Based on these
similarity parameters, equations for the width of the corresponding mix-
ing regions are derived. These results and the approximate theoretical
velocity profile equation developed by Pai, Nash, and Korst represent a
closed-form theoretical approximation of the type of mixing considered.
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M Mach numbher

n Exponent of temperature in temperature-viscosity
relation

P Base pressure and static pressure throughout mixing

zone and inviscid flow field

Gas constant

T Temperature
(] Velocity
X Distance along centerline of mixing zone (Fig. 1)
Y Vertical distance from centerline of mixing zone (Fig. 1)
4 Vertical distance from dividing streamline
a Reference perturbation velocity factor, u, /ug
Y Ratio of specific heats
] Non-dimensional mixing ordinate, oY /X
# Viscosity
v Kinematic viscosity, ux/p
P Density
a Similarity parameter
r Viscous shear stress
¢ Velocity ratio, u/u_
SUBSCRIPTS
D Dividing streamline
M Extremities of mixing region
0 Incompressible, i,e., corresponding to
C"m =0
R Reference
1 Total
oo Free stream
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SECTION 1
INTRODUCTION

The type of mixing considered is two-dimensional, compressible,
isobaric, and isoenergetic without an initial boundary layer. The
object is to define theoretically, in closed form, the following character-
istics for both laminar and turbulent mixing:

a. The velocity profile
b. The width of the mixing region

For laminar mixing, both of these characteristics were numerically
obtained for specific cases by Chapman (Ref. 1). An approximate velocity
profile for laminar mixing was obtained by Nash {Ref. 2), who used the
simplified equation of motion of the heat conduction form, derived by Pai
{(Ref. 3). However, this equation contains an unknown reference perturba-
tion velocity factor for which Pai assumes a value of unity and Nash assumes
a value of 2.0, Nash verifies his assumption by comparing with the numeri-
cal values obtained by Chapman. For turbulent mixing, Korst (Ref. 4) also
reduced the equation of motion by the method of small perturbations to the
heat conduction equation form. Thus, the velocity profile for beth laminar
and turbulent mixing is approximated by the equation

—;— [1 + er[n]

é

where the error function

'? F
erfp = —2— T g
(=17 f ° 1

= oY
7= "

The difference between laminar and turbulent mixing is reflected in the
relationship for the similarity parameter, ¢. For turbulent mixing,
experiment shows ¢ to be a function only of the free-stream Crocco number
since the mixing zone width varies linearly with the mixing length, X. For
laminar mixing, Page and Dixon (Ref, 5) developed the following expression
for o (which can also be obtained by inference from Nash's work):

_ 1 uﬁ,xl/'
0‘—? ﬂ‘VN

where a is the unknown reference perturbation velocity factor., Thus, in
general, the similarity parameter, o, is a function of both the free-stream
conditions and the mixing length, X.

The following is a derivation, which yields a complete theoretical rela-
tion for the laminar mixing similarity parameter and a semi-theoretical
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relation for the turbulent similarity parameter based on Prandtl's mix-
ing length theory.

SECTION I
BASIC EQUATIONS

The purpose of this analysis is to relate the mixing similarity param-
eter, o, to the mixing length, X, and the viscous shear stress, r, ina
manner that is applicable to either laminar or turbulent mixing. Such a
relationship can be derived by applying the conservation of momentum con-
dition to the control volume shown in the following figure of a general mix-
ing zone,

. DIVIDING Yo |
. STREAMLINE M -
N - Tu
D j Y }

Y X"--—-—-...___E_ I

1 p

/|

/ = b

/| BASE REGION =

/ S

/ “Ym

CONTROL VOLUM

Fig. 1 General Mixing Zone
The following are assumed:
1, Over the mixing zone length, X, considered, the average

angle between the dividing streamline and the mixing zone
centerline is small (< 20°).

2. The mixing is two-dimensional, isobarie, and isoenergetic
with the non-dimensional velocity profile independent of X .

The momentum equation for this control volume is

X Yp
f p dX = f oo’ dY (1)
o ~-Yu
By the Perfect Gas law
_ P _ P
P= R RT {1~ Cn_ &)
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where
6 = =
2 T
Ca“ = 1 - Tt
let
-0 ¥
where

¢ = gimilarity parameter and is a function of ¢, and X.

Substituting into Eq. {1) yields

for @A) e o

o “m

Let
[3)) 2
f b dn

“')'?n

The integral, Iz, has been numerically evaluated in Refs. 6 and 7 based on
the non-dimensional approximate velocity profile discussed in Section I.
As a consequence of agssumption 2, I3 is independent of X. Therefore, the
derivative of Eq. (2) with respect to X is

[pu;u,),,n]' o3 &
D~ dx

RT,

Equation (3) is the desired general relation between the viscous shear
stress, rp, the mixing length, X, and the similarity parameter, ¢. Equa-
tion (3) also embodies the conservation of the X-direction momentum and
mass flow in the transverse Y direction since the location of the dividing
streamline is determined by applying these conditions.

2.7 LAMINAR MIXING
The similarity parameter, o, for laminar mixing can be derived:

~ from Eq. (3) in the following manner. For laminar mixing, the viscous
shear stress is determined by Newton's relation as follows

N o= g (du)
D D dYD
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Since
- (5) (@) - - (B)F
4y dn “ \dy
and
4y _ o
Y 7 X
therefore
_ AYAL)
D = YefD (f (dn b (4)

Substituting Eq. (4) into Eq, (3) yields

o (3,60 - [, <&

Separating the variables and integrating yields
3
deh 1 - ( x)
#p d—,,)n X =7 [Rn (I, ]un-_\ 7,

A

Solving for ¢ gives
puy {1 )rr X
i)

o 2RT, gy, ("T?;_)D (5)

The width (b) of a laminar mixing zone can be determined from the definition
of 5 and Eq. (5) as follows since

ab

™ T Tox

.. b=27.|Ma.L'

Substituting Eq. {b) for o yields

Z2RT, gt (%)D X

Pu, {L) (6}
"o

Thus, for given free-stream conditions, the width of a laminar mixing

zone varies linearly with X 4. The value of 7y is determined when the

limits of the mixing zone are defined. A mixing zone is usually defined

to be that region which exists between 7,y = £1.503 , which corresponds to

velocity ratios, ¢ , of 0. 9845 and 0. 0154 based on the approximate velocity

profile equation, This definition is based on Tollmien's results in Ref. 7.

From Eq. {5), the 4 ordinate for laminar mixing is

Pum ([l )ITD 4

n:a’—}’-—-.—.Y

(7N
2RT, by (—3—3‘1
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since
P

Pos =
RT,,

= ()

Substituting into Eq, (7) yields

4 a

A LESS a
iy (1-co2) (Y) ( ) )

2 (—%)n (1-c.2¢g)"

In Ref. 1 velocity profiles for laminar mixing are presented as a function

"= (8)

Ve X

u L] L]
of v ( = x) and are shown for various free-stream Mach numbers in the
V@

range from 0 to 5,0, The velocity profiles for free-stream Mach numbers
of 0 and 5.0 have been replotted in Fig. 2 as a function of 3 (Eq. 8) using

the compressible value of (I, ),?D from Ref. 8 and %%2 evaluated from the
D

approximate mixing velocity profile also presented in Fig. 2.

20

| CHAPMAN, REF. 1 Mg 0
(n = 0.76) Mgy =5.0

APPROXIMATE VELOCITY
L0 " PROFILE.

prg ivers

12
iy (@ - Ca2)™! ™ )lfz

| —
208 i) (1 - G2 gphH" Vg X

_zulllllllllllJ
o 0.2 0.4 0.6 0.8 LO

Fig. 2 Correlotion of Laminar Mixing Velocity Profiles
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The parameters were evaluated at the dividing streamline location shown
in Ref. 1 to correspond to ¢ = 0.61 for n = 0.76. Figure 2 shows that
the velocity profiles for laminar mixing are correlated very well by the
7 variable defined by Eq. (8). The deviation of the exact velocity profile
for M = 5.0 from the approximate theoretical profile is due to the fact
that, for laminar mixing, the exact velocity profile is a weak function of
the free-stream Mach number., This is also indicated by the invariance
of the dividing streamline velocity ratio with free-stream Mach number.

In Ref. 5 for laminar mixing, the following relation for o is

presented
%
ou L ( e :) (9)

where a is a reference perturbation velocity factor. A theoretical rela-
tion for a can be obtained from Eq. (5} in the following manner, Egq. (5)
can be written as follows:

%

(L) {1-c 2"t o X\%
oo | tmp (=) : (_) o

* (%';E)D (l = Cag, #p’ Yoo
Equating Eqs. (9) and (10) and solving for < yields

a = (—g—’?—)n (l—C.; (;6[-"2 )“ (11)
2 () (1-c.2)"

The theoretical variation of e with free-stream Mach number is presented
in Fig, 3. The parameter, «, is shown in Fig. 3 to have a value of 2, 112

for Ca? = 0, which agrees with the value of 2. 0 assumed by Nash (Ref. 2).
Howevmér, e¢ increases in value as the free-stream Mach number increases.

12.0

1.0

8.0

40

2.0

Fig. 3 Theoretical Variatian of the **Reference Perturbotion Velocity Factar™
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2.2 TURBULENT MIXING

The similarity parameter, o,for turbulent mixing can be derived from
Eq. (3) in the following manner. For turbulent mixing, the apparent
viscous shear stress can be defined by Prandtl's mixing length theory

or 2 .2 1 2
L Ppiet (d_cb {12)
D - X dn /p

Since the mixing length, £, is linearly related to the effective vortex size,
then the following relation for £ is consistent with assumption (2).

£ _ b

where

P
[

non-dimensional unknown constant

By definition

or

-
]
3=
-
=
o
a [
e

‘1

Since £ varies linearly with the ratio, X/¢ (not X as assumed by
Tollmien and others), the effect of compressibility is taken into account
and the constant, k, will be independent of the free-stream Mach number,
Substituting into Eq. (12) yields

a
d
p = 47,-M’ k? Pp u? (ﬁ)

]
=]
-3
=
L
T
& o
S

D
oy = —E - P
D arp AT, (1~C. 2 ép°)
i 2 2 z
r - 4 K pul d¢.) (13)
RT;([ ~C.2 ¢D=) in/,

Substituting Eq. (13) into Eg. (3) yields
an? k3 Ao\ d !-x_)
HM - Rk _qs - (Ia)ﬂ 1
(1 -C? gsD) dy D dX
Separating the variables and integrating yields

L)y {1 = €2 67)
2 14
4ny K (‘:‘,’?‘) (14)

D

g =
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Tollmien (Ref. 7) experimentally determined a value of 12 for ¢ from low
subsonic, Ca’® = 0, turbulent mixing experiments. Based on this result
and using the approximate velocity profile and the theoretical dividing
streamline location from Ref. 8, the value of the ccnstant, k, in Eq. (14) is
0.06895 for py = 1..503. Substituting these values into Eqg, {14) yields

.- (I,)ﬂD(] - C.; ¢|;) (15)

(0.04235) (:—f:’)
n

The equation for « relative to the incompressible value, Ca" =0, is

o (L (1-c.? ¢)

2
%a (0.5085) (—d—‘é)
dn D

(16)

- ry=14

ABRAMOVICH'S METHOD, REF. 7

PRANDTL'S M1XING LENGTH
THEORY EQ. (16

L0 &
t ] ] ] ] ] ] | ] ] | } l | H ]
0

Fig. 4 Compressibility Effect on the Similarity Parameter for Turbulent Mixing

In Fig, 4, Eq. (16) is graphically compared with results using Abramovich's
method {(numerically evaluated in Ref, 8). The lack of reliable experimental
data on this subject precludes any conclusions as to the validity of Eq. (16)
or Abramovich's method. However, in Ref. 9, Abramovich's method is
indirectly shown to be in general agreement with experiment.
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The width, b, of a turbulent mixing zone can be derived in the same
manner as for the laminar mixing case. The basic equation is

b = 2y (X) (17)

Substituting Eq. {15) into Eq. (17) yields

(0.0847) 7, (:—f)ﬂ X

b = (I,),,D(l-c,; qs[;)

(18)

The mixing zone width based on the usual definition of the mixing

region, 7y = L503, is
(0.1273) (%) X
n 3 {19}
(I‘)’?D (1 - Cnu ¢D )

b:

Thus, for given free-stream conditions, the width of a turbulent mix-
ing zone varies linearly with X. The 5 ordinate for turbulent mixing is

gy (1 - €2 45') (_) (20)
( 0.04235) (:—ﬁﬁ)n

n= X

SECTION 1l
CONCLUSIONS

The velocity profile for laminar or turbulent two-dimensional mixing
is approximated very well by the equation

¢=-;—[l+erlq] (21)

where

oY
(A

Within the framework of the agssumptions of this analysis, the similarity
parameter, ¢, for laminar mixing is

(g, (1 - C,;)n+] u, X
Ty e

%

(22)
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The location of the dividing streamline for laminar mixing has been
theoretically determined by Chapman and is independent of free-stream
velocity, Thus, the laminar mixing problem is theoretically defined, in
closed form, by Egs. (21) and (22) and Chapman's results without the
need of a reference perturbation velocity factor, «.

The similarity parameter for turbulent mixing based on Prandtl's
mixing length theory is

v - “’)’JD (l = Cu, ¢Dz) 23
(0.04235) (;lé) 23)

n /b

The numerical constant was determined from the experimental results
obtained by Tollmien. However, this constant is independent of the defini-
tion of the mixing region and, based on the agreement with Abramovich's
method, also independent of the free-stream velocity. These results con-
firm the applicability of Prandtl's mixing theory to this type of compres-
sible mixing,

The similarity parameters for both laminar and turbulent mixing
were derived from a single differential equation, which relates o to the
mixing length, X, and the viscous shear stress on the dividing streamline,
'p - This equation is

] [9 02 (i ] ‘ (2) 24
= dX

RT,

Although this is an analysis of a relatively simple mixing zone, the
approach can be applied to more complex mixing processes such as two-
dimensional or axisymmetric, non-isoenergetic mixing with or without a
secondary stream,
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